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ABSTRACT
The d i s s e r t a t i o n  i s  a  two p a r t  work. P a r t  I  i s  a  s e p a ra b le  
e n t i t y  from P a r t  I I .  In  P a r t  I  a  p s e u d o p o te n tia l  fo rm alism  i s  used  
to  c a lc u la te  th e  c ro ss  s e c t io n  fo r  p h o to io n iz a t io n  o f  sodium, 
l i th iu m , and p o tass iu m  f o r  e je c te d  e le c t r o n  e n e rg ie s  from  th re s h o ld  
to  ab o u t 15 eV. Both .the d ip o le  le n g th  and d ip o le  v e lo c i ty  m a tr ix  
forms a re  computed. For sodium th e  d ip o le  le n g th  r e s u l t s  a re  in  
good agreem ent w ith  experim ent away from th e  lo w est th re s h o ld .
The d ip o le  v e lo c i ty  r e s u l t s  f o r  sodium, on th e  o th e r  hand, s e v e re ly  
u n d e re s tim a te  th e  c ro ss  s e c t io n  ex cep t v e ry  n e a r  th re s h o ld .  F o r 
l i th iu m  th e  d ip o le  le n g th  and v e lo c i ty  r e s u l t s  a r e  l e s s  th an  th e  
ex p erim en ta l r e s u l t s  b u t  compare fa v o ra b ly  w ith  o th e r  t h e o r e t i c a l  
r e s u l t s .  F or p o tass iu m  th e  c ro ss  s e c t io n  e x h ib i ts  th e  g e n e ra l 
shape o f  ex p e rim en ta l cu rv es.
I n  P a r t  I I  th e  v a r i a t io n a l  method p roposed  by F .E . H a r r is  and 
extended by R.K. N esbet i s  employed to  o b ta in  wave fu n c tio n s  fo r  
th e  s in g le t  p-wave continuum fu n c tio n s  o f  th e  n e g a tiv e  hydrogen 
io n , u s in g  a  l s - 2 s -2 p  c lo se  co u p lin g  ap p roach . The b o u n d -free  
a b so rp tio n  c o e f f ic ie n t  i s  c a lc u la te d  u s in g  le n g th ,  v e lo c i ty ,  and 
a c c e le r a t io n  form s o f  th e  d ip o le  m a tr ix  e lem en t. The r e s u l t s  o f  
th e s e  c a lc u la t io n s  a r e  p re se n te d . P a r t i c u l a r  a t t e n t io n  i s  g iv en  
to  th e  energy  re g io n  n e a r  0.751  ry d  where th e  ^P shape resonance  
e x i s t s .  Comparison o f  th e  r e s u l t s  from th e  le n g th ,  v e lo c i ty  and 
a c c e le r a t io n  o p e ra to r  methods in d ic a te  t h a t  th e  wave fu n c tio n s  
o b ta in e d  by t h i s  v a r i a t io n a l  method a r e  s u f f i c i e n t ly  a c c u ra te  fo r  
c a lc u la t in g  th e  photodetachm ent o f  H’ .
vii




I n  p r in c ip le  th e  c ro ss  s e c t io n s  f o r  p h o to io n iz a tio n  can be 
c a lc u la te d  when a c c u ra te  wave fu n c tio n s  a re  known fo r  th e  s t a t e s  o f  
th e  atoms and io n s .  I n  p r a c t i c e ,  assum ptions have to  be made i n  
o rd e r  to  o b ta in  th e  n e c e ssa ry  wave fu n c tio n s . In  a  p re v io u s  p u b l i ­
c a tio n  by th e  author,'* ' a  p se u d o p o te n tia l form alism  was used  to  
c a lc u la te  th e  p h o to io n iz a tio n  c ro ss  s e c t io n  o f  sodium. The p h o to ­
io n iz a t io n  c ro ss  s e c t io n  r e s u l t s  u s in g  th e  d ip o le  le n g th  form o f  th e  
m a trix  were i n  v e ry  good agreem ent w ith  experim ent. The o b je c t  o f  
t h i s  work i s  to  ex tend  th e  work on sodium to  in c lu d e  p o la r iz a t io n  
e f f e c t s  and to  ap p ly  th e  p se u d o p o te n tia l method to  o b ta in  p h o to io n i­
z a t io n  c ro ss  s e c tio n s  o f  l i th iu m  and po tassium .
2The p se u d o p o te n tia l method has  been  used e x te n s iv e ly  i n  s o l id
s t a t e  p h y s ic s  and has o n ly  r e c e n t ly  been  a p p lie d  to  atom ic c o l l i s i o n  
3 "6p ro c e s s e s . The g e n e ra l concept o f  th e  p se u d o p o te n tia l method i s  
th a t  a  v a len ce  e le c t r o n  in  an  atom o r  a  s o l id  sees a  weak n e t  e f f e c t iv e  
p o t e n t i a l .  In s id e  th e  core o f  th e  atom th e  n u c lea r p o te n t i a l  a c t in g  
on a  v a len ce  e le c tro n  i s  v e ry  s tro n g  and a t t r a c t i v e .  A lso in  t h i s  
re g io n  th e  P a u li  p r in c ip le  r e q u ire s  t h a t  th e  valence wave fu n c tio n  be 
o rth o g o n a l to  th e  o r b i t a l s  o f  th e  co re  e le c tro n s .  Thus th e  v a len ce  
e le c t r o n  wave fu n c tio n  o s c i l l a t e s  r a p id ly ,  corresponding  to  a  h ig h  
k in e t i c  energy . The la rg e  n e g a tiv e  p o te n t i a l  energy in s id e  th e  core  
o f  th e  atom and th e  la r g e  p o s i t iv e  k in e t i c  energy which th e  v a len ce
2
3e le c tro n  has  th e r e  can ce l to  g iv e  a  weak n e t e f f e c t iv e  p o te n tia l .  Thun 
a system  o f  ( Z - l )  core  e le c tro n s  and a  va lence e le c t r o n  can he a p p ro x i­
mated a s  a  one e le c tro n  system  w ith  th e  e f f e c t  o f  th e  core e le c tro n s  
and (Z - l)  p ro to n s  be in g  re p la c e d  by a  weak (and u s u a l ly  rep u ls iv e )
p o te n t ia l  c a l l e d  th e  "p se u d o p o te n tia l" . The p se u d o p o te n tia l used i n
2t h i s  p ap er i s  n o t developed a long th e  l i n e  o f  P h i l ip s  and Kleinman o r
7
A u stin , H ein e , and Sham, b u t a long  th e  model p o t e n t i a l  method o f
g
Abarenkov and H eine . The on ly  requ irem ent on th e  p seu d o p o ten tia l i s  
t h a t  i t  g iv e s  th e  same energy  e ig e n s ta te s  as  th e  r e a l  problem.
The p s e u d o p o te n tia l  form alism  i s  e s p e c ia l ly  s u ite d  to  th e  a l k a l i  
atoms. The v a le n c e  e le c tro n  and th e  c lo s e d -s h e l l  co re  are  known to  
in t e r a c t  r a t h e r  weakly and  th u s  th e  e f f e c ts  o f  th e  co re  upon the v a len ce  
e le c tro n  may be  re p re s e n te d  to  a  good approx im ation  by  some e f fe c t iv e  
c e n tra l  p o t e n t i a l .  The a l k a l i  atoms a re  a ls o  w e ll s u ite d  fo r  com pari­
son o f  th e o ry  to  ex perim en t, due to  th e  ease  w ith  which th ey  may be 
o b ta in ed  as a p p ro x im a te ly  monatomic vapors and to  th e  conveniently  low 
io n iz a t io n  p o t e n t i a l .
The p la n  o f  P a r t  I  i s  as fo llo w s: S ec tio n  1 -2  p re se n ts  the p s e u ­
d o p o te n tia l ...method as  a p p lie d  to  c a lc u la te  p h o to io n iz a tio n  cross s e c ­
t io n s ;  in  S e c t io n  1-3  th e  method o f  determ in ing  th e  p seu d o p o ten tia l i s  
d iscu sse d ; i n  S e c tio n  1-1+ th e  r e s u l t s  a re  compared to  experim ental 
r e s u l t s  and o th e r  t h e o r e t i c a l  work; th e  co n c lu s io n s  a re  p resen ted  i n  
S ec tio n  1-5*
SECTION 1-2
THEORY
The io n iz a t io n  o f  an  atom ic system  by an  e x te r n a l  e l e c t r o ­
m agnetic f i e l d  i s  r e a d i l y  t r e a te d  by p e r tu rb a t io n  th e o ry  u s in g  a  
s e m i-c la s s ic a l  model f o r  th e  i n t e r a c t io n  betw een bound e le c tro n s  
and th e  r a d ia t io n  f i e l d . ^  I n  th e  d ip o le  app rox im ation  an e le c tro n  
e je c te d  from th e  v a le n c e  s - s t a t e  o f  an  a l k a l i  atom w i l l  go in to  a  
continuum p - s t a t e .  U sing  a  " s in g le  channel" ap p ro x im atio n  and 
assum ing t h a t  th e  d i f f e r e n c e s  i n  th e  co re  wave fu n c tio n s  f o r  th e  
atom and th e  io n  a re  n e g l ig ib le ,  th e  d ip o le  le n g th  (L) and th e  
d ip o le  v e lo c i ty  (V) form s o f  th e  p h o to io n iz a t io n  c ro ss  s e c tio n  
a re
ct(L5V) = |  T raao2 ( I  + k 2 )|M L^,V^ |2 I .
2
where I  i s  th e  f i r s t  io n iz a t io n  p o t e n t i a l ,  k  i s  th e  energy  o f  th e  
e je c te d  e le c t r o n ,
m (i)  = J V r > r  W r ) a r
and
M(v) .  J > s { r ) [ l  V r )  + A  V p ) ] a r . ! .
h 2 —IQ 2I n  th e  above fo rm ulas — Traa^ = 8 .56  x  10 cm and th e  rem aining
2 1q u a n t i t ie s  a re  ta k e n  i n  th e  system  o f  atom ic u n i t s  = 1 , e = — = 2
5The wave fu n c tio n s  7 and X a r e  n o rm alized  reduced  r a d i a l  wavens Kp
fu n c tio n s  fo r  th e  va len ce  e le c t r o n .  The two a l t e r n a t iv e  form s,
a r e  e x a c t e ig e n s ta te s  o f  th e  same H am ilto n ian .
One in te r e s t in g  f e a tu re  ab o u t v a len ce  e le c tro n s  o f  a l k a l i  
atoms i s  th e  e x te n t to  which t h e i r  observed  p r o p e r t ie s  p a r a l l e l  
th o se  to  be expected  from a p p a re n tly  crude m odels. One such model 
i s  th e  p se u d o p o te n tia l fo rm alism . I n  in tro d u c in g  th e  pseudopoten­
t i a l  fo rm alism , th e  a c tu a l  system  i s  r e p la c e d  by  a  one e le c tro n  
system . The e f f e c t  o f  th e  co re  e le c t ro n s  i s  re p re s e n te d  by  th e  
p s e u d o p o te n tia l  where we choose th e  model form
The pseudo wave fu n c tio n s  s a t i s f y  th e  S ch ro d in g e r eq u a tio n : f o r
th e  bound s - s t a t e
and M^, a r e  id e n t i c a l  when th e  wave fu n c tio n s  V ( r )  and \ ( r )  '  ns Kp
Vp = ^
e I . b
2
[-%■ + §  " V + e ]$  ( r )  = 0 
d r  p
1 .5
and f o r  th e  continuum p-wave
d r  r
1.6
The bound s t a t e  pseudo wave fu n c tio n  i s  n o rm alized  so t h a t
1 .7
The continuum  pseudo wave fu n c tio n  has  th e  asy m p to tic  form
§ ^ (r)  ~  k  2 s in  [k r  -  ^  ^  l n ( 2k r)  + cr  ^ + 61 (k2 ) ] .  1 .8
2 i61 (k  ) i s  th e  non-coulomb phase s h i f t  and = a rg  T (2  + £•).
The pseudo wave fu n c tio n  $ i s  a  sm oothly v a ry in g  fu n c tio n  
in s id e  th e  c o re . Tlje a c tu a l  wave fu n c tio n  o f  th e  v a len ce  e le c t r o n  
m ust be o rth o g o n a l to  th e  co re  s t a t e s .  Y(r) i s  th e  pseudo wave 
fu n c tio n  p ro p e r ly  o rth o g o n a l!z e d  to  th e  co re  s t a t e  wave fu n c tio n s
F o r th e  bound s t a t e ,  co re  s t a t e s  o f  th e  atom a re  u sed  and f o r  th e  
continuum  s t a t e  core s t a t e s  o f  th e  io n  should  be u se d . However fo r  
th e  a l k a l i s  th e  d if f e r e n c e s  i n  th e  co re  s ta t e s  o f  th e  atom and th e  
s in g ly  io n iz e d  io n  a re  n e g l ig ib le .  A ccu ra te  co re  s t a t e s  have been 
c a lc u la te d  w ith in  th e  H artree -F o ck  approx im ation  by  C lem enti and 
o t h e r s . T h e  o r th o g o n a liz e d  bound s ta t e  wave fu n c tio n  Yns i s  r e ­
no rm alized  so t h a t
Eq. ( 1 .8 ) .  The pseudo d ip o le  le n g th  c ro ss  s e c t io n  m entioned  in  
t h i s  p ap er i s
1 -9
1.10
The continuum  wave fu n c tio n  ^  i s  a s y m p to tic a lly  n o rm a lized  by
1 .11
7where th e  m a tr ix  e lem ent i s  c a lc u la te d  w ith  th e  n o n -o rth o g o n a lized  
pseudo wave fu n c tio n s ,
= / V 1*) r \ ( r )d*. 1.12
SECTION 1-3
EVALUATION OF PSEUDO PARAMETERS
The p s e u d o p o te n tia l V i s  d e fin e d  by Eq. ( i A ) .  V alues fo r
P
th e  d ip o le  p o l a r i z a b i l i t y ,  o^ a re  tak en  from th e  b e s t  e s tim a te s  
a v a i la b le  i n  th e  l i t e r a t u r e . ^  The v a lu es  o f  th e  a  and th e  sc re e n -
q
in g  c o n s ta n t,  d , axe chosen so t h a t  th e  p se u d o p o te n tia l rep ro d u ces ,
a s  c lo s e ly  a s  p o s s ib le ,  th e  spectrum  o f  f - s t a t e  i e v e ls  fo r  th e
12valen ce  e le c t r o n .  The f - l e v e l s  a re  used  to  determ ine or ,d
q
because f o r  a  la rg e  A v a lu e  th e  c e n tr i f u g a l  te rm  w i l l  dom inate
over th e  f i r s t  te rm  i n  Eq. (I  A )  and one can s e t  = 0 . The
r e s u l t in g  v a lu e s  o f  d a re  on th e  o rd e r  o f  th e  ra d iu s  o f  th e  co re .
The v a lu e s  o f  ^  a re  u s u a lly  sm a lle r  th a n  th e  co rrespond ing  quad-
ru p o le  p o l a r i z a b i l i t i e s . The param eters  and 0^ a re  e v a lu a ted  by
re q u ir in g  t h a t  th e  pseudo wave fu n c tio n s  have th e  same energy  spectrum
as th e  low er A s t a t e s  o f  th e  v a len ce  e le c t r o n  o f  th e  a l k a l i  atom.
13E xperim en tal e n e rg ie s  w ith  s p in - o r b i t  s p l i t t i n g  s u b tra c te d  o f f  a re
used  to  e v a lu a te  Q and 0 .
Two methods a re  used  to  e v a lu a te  Q and 0. The f i r s t  method,
5
suggested  by Callaw ay and Laghos , re q u ire s  t h a t  Q and 0 be chosen 
so t h a t  th e  e ig e n -e n e rg ie s  o f  th e  f i r s t  s -  and p-pseudo wave fu n c tio n s  
ag ree  e x a c t ly  w ith  th e  ex p erim en ta l e n e rg ie s  o f  th e  n s -  and n p - s ta te s  
o f  th e  v a len ce  e le c tro n  o f  th e  a lk a l i  atom, where n  = 2 ,3 ,  and U fo r  
l i th iu m , sodium , and p o tass iu m , r e s p e c t iv e ly .  Thus in  th e  f i r s t
8
9method th e  p a ram e te rs  Q and 0 a r e  independen t o f  th e  o r b i t a l  an g u la r
momentum X. A lthough th e  ^ -in d ep en d en t p s e u d o p o te n tia ls  g iv e  good
r e s u l t s  f o r  sodium , in  th e  g e n e ra l case  Q, and 0 should  be fu n c tio n s
o f  Si. The e f f e c t  o f  exchange can be c o n s id e re d  as  g iv in g  r i s e  to
a  d i f f e r e n t  p o t e n t i a l  fo r  s t a t e s  o f  d i f f e r e n t  a n g u la r  momentum.
The f a c t  t h a t  t h i s  e f f e c t  i s  sm all i n  sodium i s  ev idenced  by  th e
lUsu ccess  o f  P rokofjew  in  acco u n tin g  f o r  a l l  th e  s p e c t r a l  le v e ls
o f  sodium on th e  b a s is  o f  a  s in g le  p o t e n t i a l .  F or Li and K th e
e f f e c t s  o f  exchange can no t be n e g le c te d .
12B a rd s le y  h a s  found v a lu e s  o f  Q, and 0 f o r  n  = 1 (Yukawa form)
f o r  L i ,  Na, and K which a re  X -dependent. He h as  a ls o  determ ined
th e s e  w ith  n  = 0 (e x p o n e n tia l form ) f o r  L i and Na. For a  s t a t e
w ith  H -  0 , th e  pseudo p aram eters  Q and 0 a r e  chosen so t h a t  th es s
f i r s t  two s - s t a t e  energy  le v e ls  o f  th e  pseudo system  ag ree  e x a c tly  
w ith  th e  e n e rg ie s  o f  the"ground and f i r s t  e x c ite d  s - s t a t e  o f  th e  
v a len ce  e le c t r o n .  S im ila r ly  f o r  a  s t a t e  w ith  X = 1 , and 0^ a re  
chosen so a s  to  rep roduce th e  c o r re c t  e n e rg ie s  f o r  th e  f i r s t  and 
second e x c i te d  p - s t a t e s  o f  th e  v a le n c e  e le c t r o n .
For bound s t a t e s ,  th e  o n ly  req u irem en t o f  th e  p o te n t ia l  i s  
t h a t  i t  y ie ld  c o r re c t  en e rg ie s  o v er th e  energy  ran g e  i n  which th e  
p o te n t ia l  i s  b e in g  u sed . However, f o r  th e  continuum  s t a t e s ,  th e  
req u irem en t o f  th e  p s e u d o -p o te n tia l i s  t h a t  th e  p o te n t i a l  y ie ld
Q
a c c u ra te  p h ase  s h i f t s .  B a rd s le y 's  v a lu e s  o f  and 0^ le d  to  non­
coulomb p-wave phase  s h i f t s  which a r e  shown i n  T ab le  I  to  be in  good 
agreem ent to  th e  quantum d e fe c t  v a lu e s .
SECTION 1-1+
RESULTS AND DISCUSSION
E quations (1 .5 )  and (1 .6 )  f o r  th e  pseudo wave fu n c tio n s  were 
so lv e d  n u m e ric a lly  u s in g  Numerov's method. A ll  i n t e g r a l s  were 
e v a lu a te d  n u m e ric a lly  u s in g  a  f iv e - p o in t  fo rm ula . The r e s u l t s  o f  
th e  c a lc u la t io n s  a re  p re se n te d  i n  F ig u re s  1 th rough  7 where th e y  
a re  compared w ith  o th e r  c a lc u la t io n s  and ex p erim en ta l d a ta  ( th e  
o rd in a te  a x is  i n  th e s e  f ig u r e s  i s  la b e le d  i n  term s o f  th e  energy
2
o f  th e  e je c te d  e le c t r o n  i n  u n i t s  o f  e le c tro n  v o l t s ;  e(eV) = 13*6 k  ) .
A -  SODIUM
I n  an  e a r l i e r  p ap e r1 th e  a u th o r  has  a p p lie d  a  p s e u d o p o te n tia l 
method f o r  sodium and o b ta in e d  good agreem ent betw een th e  d ip o le  
le n g th  and experim ent away from  th e  low est th re s h o ld .  The pseudo­
p o te n t i a l  i n  t h a t  work was o f  th e  form
Vp M  = |  e ' Pr
where Q, = 20.1+3 and 3 = 2.01+75* T h is p o te n t i a l  e x a c t ly  rep roduces 
th e  ex p erim en ta l 3 s and 3p en erg y  le v e ls  o f  th e  v a le n c e  e le c tro n  b u t 
n e g le c ts  p o la r iz a t io n  e f f e c t s .  B e t te r  agreem ent betw een th e o ry  and 
experim ent i s  o b ta in e d  by in c lu d in g  p o la r iz a t io n  te rm s i n  th e  pseudo- 
p o t e n t i a l .  Upon u s in g  th e  same p o la r iz a t io n  term s a s  in  Eq. (1.1+)
10
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and s e t t in g  a\  ^ = 0 .945  a ^ , ar  ^ = 1.523  a^ and d = 1 .1 , th e  r e s u l t in g  
p o te n t i a l  e x a c t ly  rep roduces th e  ex p erim en ta l 3s and 3P energy  
l e v e l s  o f  th e  v a len ce  e le c tro n  fo r  Q, = 16.1*37 and P = 1 .77448. The 
p h o to io n iz a tio n  c ro ss  s e c t io n  f o r  th e  p se u d o p o te n tia l w ith  p o l a r i ­
z a tio n  in c lu d e d  i s  compared to  th e  ex p erim en ta l r e s u l t s  o f  Hudson 
17and C a r te r  in  F ig u re  1 . L and V in d ic a te  th e  d ip o le  le n g th  and 
v e lo c i ty  r e s u l t s  from th e  f u l l  p s e u d o p o te n tia l form alism  w h ile  P 
i s  th e  p seu d o -d ip o le  le n g th  c ro ss  s e c t io n  d e fin ed  by Eq. ( i . l l ) .
A more g e n e ra l  form alism  i s  to  make th e  p se u d o p o te n tia l  
p a ram eters  Q and P X-dependent a s  in d ic a te d  in  Eq. ( 1 .4 ) .  When 
t h i s  i s  done, B ard s ley  o b ta in s  th e  fo llo w in g  param eters  f o r  th e  
Yukawa form (n = l) ;  Q = 329 . 792 ,  P = 3*858 and 0 = 52 .736 ,
S S 'jp
12Pp = 2 .4 0 3 . The v a lu e s  o f  or^, or^, and  d a re  th e  same as  s ta te d  
above. The r e s u l t in g  p h o to io n iz a tio n  c ro ss  s e c tio n s  a r e  compared 
to  experim ent i n  F ig u re  2 . A lthough th e  ^-dependent pseudopo ten ­
t i a l  c ro ss  s e c t io n s  do n o t seem to  a g re e  as w e ll w ith  ex perim en t, 
th e  r e s u l t s  a re  s t i l l  good when compared to  o th e r  t h e o r e t ic a l  
r e s u l t s .
A s l i g h t  improvement o f  th e  c ro ss  s e c tio n  can be o b ta in e d  by
changing from th e  Yukawa form to  an e x p o n e n tia l form (n= 0). The
co rrespond ing  p se u d o p o te n tia l p aram ete rs  a r e ;  Q = 635*024, p = 4 .534s s
and Op = 79*542, P^ = 2 .9 2 2 . The r e s u l t in g  d ip o le  le n g th  p h o to io n iz a ­
t i o n  c ro ss  s e c t io n s ,  la b e le d  L ' ,  a r e  shown i n  F ig u re  2 . The pseudo­
p o te n t i a l  o f  th e  Yukawa form seems to  g iv e  b e t t e r  r e s u l t s  n e a r  th e  
th re s h o ld  w hereas th e  ex p o n e n tia l form ten d s  to  g iv e  b e t t e r  r e s u l t s
12
f o r  h ig h e r  photon  e n e rg ie s .  However th e  d if f e re n c e  does n o t seem to
be s ig n i f i c a n t  f o r  sodium.
The t h e o r e t i c a l  works o f  S ea to n , Burgess and S ea to n , Cooper,
Boyd, Sheldon, and McGuire a re  compared to  experim ent in  F ig u re  3«
18S eaton  computes th e  c ro ss  s e c t io n  u s in g  H artree -F o ck  wave fu n c tio n s . 
19Cooper ^ u se s  a  H artree -F o c k  bound s t a t e  and a  lo c a l iz e d  form o f  
th e  same H artree -F o ck  p o te n t i a l  a s  found i n  th e  bound s t a t e  c a lc u ­
l a t io n s  to  compute th e  continuum  o r b i t a l .  The c a lc u la t io n s  o f  
20Boyd c o n s is t  o f  a  c e n t r a l  H a r tre e  f i e l d  app rox im ation  m o d ified
to  in c lu d e  some c o r r e la t io n  and p o la r iz a t io n  e f f e c t s .  B urgess and
S eaton  use  th e  quantum d e fe c t  method to  o b ta in  th e  c ro ss  s e c t io n s .
21Sheldon a ls o  u sed  th e  quantum d e fe c t  method b u t a d ju s te d  th e
p aram eters  to  o b ta in  agreem ent w ith  th e  ex p erim en ta l c ro ss  s e c tio n
22a t  th re s h o ld .  McGuire u se s  a  c e n t r a l  p o te n t i a l  fo rm alism  w ith  a  
model p o te n t i a l  o f  th e  form V (r) = 2 z / r  -  A,, r  < r ^ ;  V( r )  = 2 / r ,  
r  > r ^ ;  r^  = 2 ( z - l ) / A ,  where z and A a r e  chosen to  f i t  observed
23term  v a lu e s  f o r  th e  v a r io u s  atom s. I n  a  l a t e r  c a lc u la t io n ,  McGuire
2bapproxim ated th e  Herman and S k illm an  p o te n t i a l  by  a  s e r ie s  o f  
s t r a ig h t  l i n e s .  The p a ram ete rs  were th e n  a d ju s te d  so t h a t  th e  model 
e ig en v a lu es  and th o se  o f  Herman and S k illm an  were i n  re a so n a b le  
agreem ent.
B -  LITHIUM
The e f f e c t  o f  r e p la c in g  th e  core  by  a  p se u d o p o te n tia l  u s u a lly  
le a d s  to  a  r e p u ls iv e  p o t e n t i a l .  T h is can be a t t r i b u t e d  to  th e  P au li
13
e x c lu s io n  p r in c ip le ,  w hich i n h i b i t s  an e le c tro n  from p e n e tra t in g
in to  a  re g io n  a lre a d y  occup ied  by e le c tro n s  o f  th e  same symmetry.
For l i th iu m  an e le c t r o n  i n  a  p - s t a t e  i s  n o t excluded from th e  core
by th e  P a u li  p r in c ip le .  As a  r e s u l t ,  th e  p - s t a t e  energy  le v e l s  fo r
l i th iu m  a re  low er th a n  th e  hydrogen l e v e l s .  The p s e u d o p o te n tia l
f o r  th e  p - s t a t e s  o f  l i th iu m  m ust th u s  be a t t r a c t i v e  and so a  s in g le
p s e u d o p o te n tia l w i l l  n o t g e n e ra te  b o th  th e  s - s t a t e s  and p - s t a t e s .
B ard s ley  h as  a ls o  o b ta in e d  th e  p aram eter f o r  th e  ^ -dependen t
12p s e u d o p o te n tia l (1 .4 )  f o r  l i th iu m . The p o la r iz a t io n  te rm s i n  th e
p s e u d o p o te n tia l a r e ,  aa  = 0 .1925 a ^ ,  = 0>11£, a 5 > ^  d .  0 _?5>
The rem ain ing  p aram eters  a re  a s  fo llo w s : fo r  th e  Yukawa form (n = l) ,
Q = 53*524, 0 = 2.896  and © = -3 . 710 , 0 = 2 . 676 ; f o r  th e  expo- s s tp p
n e n t i a l  form (n=0 ) Q = 113 . 010 , 0 = 3 »6l 6 and Q = - 1 0 . 30 ,
S S jp
0p = 3 . 569 .
The p h o to io n iz a tio n  c ro ss  s e c t io n s  f o r  l i th iu m  o b ta in e d  fo r
th e  Yukawa form and th e  e x p o n e n tia l form  o f  th e  p s e u d o p o te n tia l  a re
th e  same to  th re e  s ig n i f i c a n t  f ig u r e s .  Thus o n ly  one p lo t  o f  c ro ss
s e c t io n  v e rsu s  photon en erg y  i s  shown and t h i s  i s  g iv en  i n  F ig . 4 in
17com parison w ith  th e  ex p e rim en ta l r e s u l t s  o f  Hudson and C a r te r .  The 
r e s u l t s  o f  th e  c a lc u la t io n s  f o r  l i th iu m  a re  i n  good agreem ent w ith  
experim ent n ea r th e  th re s h o ld .  However, away from th re s h o ld  th e  
c a lc u la t io n s  f a l l  o f f  f a s t e r  th a n  ex p erim en t.
Some p rev io u s  t h e o r e t i c a l  r e s u l t s  a re  g iv en  i n  F ig u re  5-
25 26 27S tew a rt , Sew ell , and Chang and McDowell have each found th e
p h o to io n iz a t io n  c ro ss  s e c t io n  u s in g  wave fu n c tio n s  c a lc u la te d  w ith in
I k
th e  H artree -F o ck  ap p ro x im atio n . S e w e ll 's  r e s u l t s  a re  i n  good a g re e ­
ment w ith  ex perim en t, b u t  d is a g re e  w ith  th e  r e s u l t s  o f  S tew art and
28o f  Chang and McDowell w hich a re  i n  agreem ent. M atese and LaBahn
have a ls o  done a  H artree -F o ck  c a lc u la t io n ,  b u t d id  n o t r e p o r t  t h e i r
r e s u l t s  which were f o r  a l l  pu rposes th e  same as  Chang and M cDowell's
r e s u l t s .  Thus i t  would seem t h a t  th e  r e s u l t s  o f  S tew art g iv en  i n
F ig u re  5 a re  a  good in d ic a t io n  o f  th e  p h o to io n iz a t io n  c ro ss  s e c t io n
o f  l i th iu m  w ith in  th e  H artree -F o ck  ap p ro x im a tio n . I t  i s  n o t known
why th e  r e s u l t s  o f  Sew ell a r e  d i f f e r e n t .  A lso  shown in  F ig u re  5
27a re  th e  r e s u l t s  Chang and McDowell o b ta in e d  by  u s in g  th e  B rueckner
G oldstone many-body p e r tu rb a t io n  th e o ry , and th e  r e s u l t s  o f  M atese 
28and LaBahn who o b ta in e d  th e  p h o to io n iz a t io n  c ro ss  s e c t io n  o f  
l i th iu m  by method o f  p o la r iz e d  o r b i t a l s .
C -  POTASSIUM
A p s e u d o p o te n tia l w hich i s  in d ep en d en t o f  an g u la r  momentum X
can be found f o r  p o tass iu m . The p a ram e te rs  a re :  Q, = 7 . 5656,
0 = .88715, <*d = 5 .^ 0  a ^ ,  of = 1 7 .6  s?q9 and d = 1 .5 .  The d ip o le
-20 2le n g th  form o f  th e  c ro ss  s e c t io n  a t  th re s h o ld  was 2 . 3U x 10 cm ,
b u t th e  c ro ss  s e c t io n  in c re a s e d  m o n o to n ica lly  w ith  energy . This i s
29s im i la r  to  th e  r e s u l t s  B a tes  o b ta in e d  f o r  a  d ip o le  p o l a r i z a b i l i t y
■3
g r e a te r  th a n  11 a ^ . B ates  u sed  s o lu t io n s  o f  th e  H artree -F o ck
30e q u a tio n s  so lv ed  by H a r tre e  and H a r tre e  f o r  th e  bound s t a t e s  and 
f o r  th e  continuum s t a t e  he  n e g le c te d  exchange i n  th e  H artree -F o ck  
e q u a tio n s  b u t  in c lu d e d  a  p o la r iz a t io n  p o te n t i a l  o f  th e  form
15
V (r) = -  P / ( r ^  + d ^ )^ . He found t h a t  th e  p o l a r i z a b i l i t y  P had a  
g r e a t  In f lu e n c e  on th e  b eh av io r o f  th e  c ro s s  s e c t io n  v e rsu s  energy .
H is b e s t  agreem ent w ith  experim ent was o b ta in e d  fo r  P = 10.1+6 a^ .
I n  th e  p r e s e n t  work c a lc u la t io n s  w ere made u s in g  th e  p s e u d o p o te n tia l
Q
method and v a ry in g  th e  d ip o le  p o l a r iz a t io n  betw een ze ro  and 10.1+6 a^ .
But f o r  th e  d ip o le  le n g th  form a  minimum was n ev er o b ta in e d  u s in g
th e  X -independent p s e u d o p o te n tia l.
I n  th e  case  o f  th e  ^-dependent p s e u d o p o te n tia l ,  th e  energy
dependence o f  th e  p h o to io n iz a tio n  c ro s s  s e c t io n  c lo s e ly  resem bles
th e  g e n e ra l  shape o f  th e  ex p erim en ta l d a ta .  The p a ram ete rs  o b ta in e d  
12from B a rd s le y  f o r  th e  Yukawa form  (n = l)  o f  th e  p s e u d o p o te n tia l  a re :  
c*d = 5.1+7 a 3 , = 12. ajj, d = 1.1+, Qg = 1337.0721+, 0g = 3 . ^ 1+831+,
= 115.37211+ and 0^ = 1 . 877117. The quadrupo le  p o l a r i z a b i l i t y  was 
chosen so a s  to  reproduce th e  c o r r e c t  f - s t a t e  energy  l e v e l s  o f  
p o tass iu m . I t  i s  somewhat sm a lle r  i n  m agnitude th a n  th e  b e s t  th e o ­
r e t i c a l  c a lc u la t io n s  which g iv e  01 = 1 6 . 2 .  The ^-dependen t pseudo-
1
p o te n t i a l  r e s u l t s  a re  compared to  th e  ex p e rim e n ta l r e s u l t s  o f  Hudson 
31and C a r te r  i n  F ig u re  6 . A lthough th e  curve does have a  minimum, 
th e  agreem ent betw een th e o ry  and ex perim en t i s  n o t a s  good fo r  
po tass iu m  as  i t  i s  fo r  sodium and l i th iu m .
C a lc u la tio n s  were a ls o  made u s in g  d i f f e r e n t  v a lu e s  f o r  th e  
p o l a r i z a b i l i t y .  Somewhat b e t t e r  agreem ent betw een th e o ry  and e x p e r i-
O
ment i s  o b ta in e d  by in c re a s in g  th e  p o l a r i z a b i l i t y .  For = 10.1+6 aQ, 
a  = 0 . 0 , d  = 1.1+, n = 1 , Q = 129 .1 0 1 , 0e = 2 .11725 , = 1+0.025,C[ S S T?
and 0 = 1 . 3921+, th e  a d ju s te d  d ip o le  le n g th  curve f a l l s  about midway
Jtr
betw een th e  d ip o le  le n g th  curve and th e  e x p e rim en ta l p o in ts  in  F ig u re  6 .
16
However, th e  p o s i t io n  o f  th e  minimum does n o t seem to  be ex trem ely
s e n s i t iv e  to  changes i n  th e  p o la r iz a t io n  p a ra m e te rs , c o n tra ry  to
29th e  r e s u l t s  o b ta in e d  by B a te s . The c ro ss  s e c t io n  i s  s e n s i t iv e ,  
though , to  sm all changes i n  th e  energy spectrum  used  to  compute 
th e  p s e u d o p o te n tia l  ( c f .  th e  b e s t  f i t  curve  L ' i n  F ig u re  7 ) .
O ther t h e o r e t i c a l  r e s u l t s  f o r  p o tass iu m  a re  i l l u s t r a t e d  i n
21 22 F ig u re  7* The r e s u l t s  o f  Sheldon and McGuire a re  o b ta in e d
by a d ju s t in g  p a ra m e te rs  to  g iv e  a  b e s t  f i t  t o  ex p erim en ta l r e s u l t s .  
A lso in c lu d e d  i n  F ig u re  7 i s  a  b e s t  f i t  cu rve  o b ta in e d  u s in g  th e  
p se u d o p o te n tia l m ethod. The b e s t  f i t  curve  was o b ta in e d  by v a ry in g  
th e  p aram ete rs  and 3^ and u s in g  B a rd s le y 's  v a lu e s  f o r  th e  rem ain ­
in g  p a ra m e te rs . For a  f ix e d  Q^, 3p i s  chosen  so t h a t  th e  energy  o f  
th e  f i r s t  p s t a t e  o f  th e  pseudo system  e q u a ls  th e  Up energy  le v e l  o f  
p o tass iu m . F o r each  s e t  o f  v a lu e s  and 3pj th e  c ro ss  s e c t io n  i s  
c a lc u la te d  and compared to  exp erim en ta l r e s u l t s  a t  th re s h o ld .  For
Qp = 30 . and 3p = 1.37117> th e  c a lc u la te d  r e s u l t  i s  ap p ro x im ate ly
-20 2eq u a l to  th e  ex p e rim en ta l r e s u l t  o f  1 .2  x  10 cm . For t h i s  Qp 
and 3 th e  energy  o f  th e ’ second p - s t a t e  o f  th e  pseudo system  i s
Xr
- . 09U2076 r y ,  compared to  -.0938238  r y  th e  e n e r g y ^  o f  th e  5p le v e l  
o f  p o tass iu m . F o r e n e rg ie s  above 2 eV th e  c ro s s  s e c t io n  o b ta in e d  by 
a d ju s t in g  th e  p s e u d o p o te n tia l  a re  in  much b e t t e r  agreem ent w ith  
experim ent th a n  p re v io u s  t h e o r e t i c a l  c a lc u la t io n s .
C a lc u la tio n s  f o r  th e  p h o to io n iz a tio n  o f  p o tass iu m  a re  com pli­
c a te d  b y  many f a c to r s .  The minimum i n  th e  c ro ss  s e c t io n  o ccu rs  v e ry  
n e a r  th re s h o ld .  The s p in - o r b i t  e f f e c t  f o r  p o tass iu m  i s  much l a r g e r
c p
th a n  fo r  sodium. A lso  th e  (3p) (4 s )  t r a n s i t i o n s  in  po tassium  a re
v e ry  im p o rta n t i n  th e  a b so rp tio n  spectrum  and p ro b ab ly  e f f e c t s  th e  
p h o to io n iz a t io n  c ro ss  s e c t io n  fo r  th e  energy  range d isc u sse d  in  
t h i s  p a p e r . Thus i t  i s  n o t to o  s u rp r is in g  t h a t  th e  r e s u l t s  f o r  
po tassium  do n o t seem to  be as  good as  th e  r e s u l t s  o f  sodium and 
l i th iu m .
SECTION 1-5
CONCLUSION
The p h o to io n iz a tio n  c ro ss  s e c t io n s  fo r  th e  a l k a l i s  a re  very- 
s e n s i t iv e  to  th e  wave fu n c tio n s  due to  th e  h ig h  degree o f  c a n c e l la ­
t i o n  w hich o ccu rs  i n  th e  m a trix  e lem en ts , Eq. (1 .5  -  1 .6 ) .  T h is 
s e n s i t i v i t y  seems to  he g r e a te s t  i n  p o tass iu m . P rev ious th e o r e ­
t i c a l  c a lc u la t io n s  a re  i n  good agreem ent w ith  experim ent n ea r 
th re s h o ld  h u t f o r  e n e rg ie s  ahove a  few e le c tro n  v o l ts  th e  c a lc u la te d  
c ro ss  s e c t io n s  d e c re a se  w ith  in c re a s in g  energy  much f a s t e r  th a n  th e  
ex p erim en ta l r e s u l t s  would i n d ic a te .  The p re se n t p se u d o p o te n tia l  
c a lc u la t io n s  a ls o  f a l l  o f f  f a s t e r  th a n  experim ent f o r  h ig h e r  
e n e rg ie s  h u t much l e s s  so th a n  p re v io u s  th e o r e t ic a l  w orks. Thus 
i t  i s  found th a t  p s e u d o p o te n tia ls ,  e v a lu a te d  from e x p e rim e n ta lly  
de term ined  energy  s p e c t r a ,  y ie ld  q u a l i t a t i v e ly  good approx im ations 
fo r  th e  p h o to io n iz a tio n  c ro ss  s e c t io n s .
A com parison o f  th e  p s e u d o p o te n tia l  method and th e  quantum 
d e fe c t  method shows many s i m i l a r i t i e s .  I n  h o th  m ethods, model 
p aram ete rs  a re  chosen to  f i t  s e le c te d  exp erim en ta l in fo rm a tio n  and 
th e  r e s u l t s  u sed  to  p r e d ic t  a d d i t io n a l  phenomena. The quantum d e fe c t  
method has  th e  advan tages o f  h e in g  more a n a ly t ic a l  w ith  e s s e n t i a l l y  
a l l  th e  a n a ly t i c a l  a n a ly s is  a lr e a d y  done hy  S eaton  and cow orkers.
The p se u d o p o te n tia l  method e n t a i l s  s p e c i f ic  c a lc u la t io n s  fo r  each 
system  he in g  s tu d ie d . However th e  p se u d o p o te n tia l method m ight he
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expected  to  g iv e  "b e tte r  r e s u l t s  th an  th e  quantum d e fe c t  method, 
s in c e  th e  quantum d e fe c t  method i s  e q u iv a le n t to  s e t t i n g  th e  pseudo- 
p o te n t ia l  eq u a l to  ze ro  and  t ru n c a t in g  th e  wave fu n c tio n s  a t  some 
f i n i t e  ra d iu s  to  av o id  th e  s in g u la r i ty  a t  th e  o r ig in .
I n  re g a rd  to  p r e d ic t in g  p h o to io n iz a tio n  c ro ss  s e c t io n s ,  a  
r e l a t i v e ly  crude model p s e u d o p o te n tia l  y ie ld s  s u p e r io r  r e s u l t s  over 
th e  quantum d e fe c t  method f o r  a t  l e a s t  sim ple h y d ro g e n -lik e  system s 
such as th e  a l k a l i  m e ta ls .
T able I .  C a lc u la te d  non-coulomb and quantum d e fe c t  p-wave phase 
s h i f t s  in  ra d ia n s
Elem ent K2
^ ( k 2 ) 
Yukawa Exp.
Ttp. (k2 ) 
Quantum D efec t
Na 0 .0 2.68k 2.685 2 .687a
0 .1 2.650 2.650 2.656
0 .2 2 .618 2.619 2.632
Li 0 .0 0 . 11+82 0 . 11+81 O.H+88b
0 .1 0 . 151+9 0.151+7 0.1568
0 .2 0 .1611+ 0.1611 0.1652
K 0 .0 2 .235 2 . 23!+°
0 .1 2 . 161+ 2.152
0 .2 2 .100 2.070
R e fe re n c e  15






o Hudson 8  Carter 
(Experiment) -
F ig u re  1 F h o to io n iz a tio n  c ro ss  s e c tio n s  o f  sodium , u s in g  A -independent 
p s e u d o p o te n tia l and in c lu d in g  p o la r iz a t io n  e f f e c t s .  L and V in d ic a te  th e  
le n g th  and v e lo c i ty  r e s u l t s  from th e  f u l l  p s e u d o p o te n tia l  form alism  
w h ile  P i s  th e  p seu d o d ip o le  le n g th  c ro ss  s e c t io n  d e f in e d  by  Eq. ( I . 1 1 ). 
E xperim en tal r e s u l t s  o f  Hudson and C a r te r  (R ef. 17) a re  g iv en  by  th e  













F ig u re  2 F h o to io n iz a tio n  c ro ss  s e c t io n  o f  sodium u sin g  th e  4 -dependent 
p s e u d o p o te n tia l  o f  B a rd s ley . L and  V in d ic a te  th e  len g th  and v e lo c i ty  
forms o f  th e  m a tr ix  elem ents fo r  th e  Yukawa form  o f  p se u d o p o te n tia l.
The dashed  curve L ' in d ic a te s  th e  le n g th  form o f  th e  m atrix  elem ent fo r  
th e  e x p o n e n tia l  form o f  th e  p s e u d o p o te n tia l .  E xperim ental r e s u l t s  o f  
Hudson and  C a r te r  (R ef. 17) a re  g iv en  by th e  c i r c l e s .
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F ig u re  3 The c i r c l e s  in d ic a te  th e  ex p erim en ta l r e s u l t s  o f  Hudson 
and C a rte r  (R ef. 17) • The o th e r  cu rves a r e  th e  t h e o r e t i c a l  
c a lc u la t io n s  o f  S ea to n  (R ef. 1 8 ) , B urgess and S eaton  (R ef. 1 6 ), 
Cooper (R ef. 19)> Boyd (R ef. 2 0 ) , and  Sheldon (R ef. 2 1 ) . M-l 
in d ic a te s  th e  cu rv e  f o r  McGuire (R ef. 22) w ith  A=l8 .6  and M-2 
in d ic a te s  th e  l a t e r  r e s u l t s  o f  McGuire (R ef. 23) u s in g  th e  Herman- 
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F ig u re  k F h o to io n iz a tio n  c ro ss  s e c t io n s  o f  l i th iu m , u s in g  th e  Yukawa 
form o f  B a rd s le y 's  p s e u d o p o te n tia l .  L and V in d ic a te  th e  le n g th  and 
v e lo c i ty  forms o f  th e  m a tr ix  e lem en ts . E xperim en ta l r e s u l t s  o f  Hudson 
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F ig u re  5 O ther c a lc u la t io n s  o f  p h o to io n iz a tio n  c ro ss  s e c t io n  o f  
l i th iu m . The dashed  curve i s  th e  le n g th  form o f  th e  H a r tre e  Fock 
r e s u l t  o f  S tew art (R ef. 2 5 ) . The s h o r t dashes r e p re s e n t  th e  le n g th  
form o f  th e  H a r tre e  Fock r e s u l t  o f  Sew ell (R ef. 2 6 ) . The v e r t i c a l  
b a rs  marked CM in d ic a te  th e  e x te n t  o f  th e  le n g th  and v e lo c i ty  c a l ­
c u la t io n s  o f  Chang and McDowell (R ef. 27) > u s in g  many body p e r tu rb a ­
t i o n  th e o ry . ML-L and ML-V in d ic a te  th e  le n g th  and v e lo c i ty  r e s u l t s  
o f  M atese and LaBahn (R ef. 2 8 ) , u s in g  th e  method o f  p o la r iz e d  o r b i ­
t a l s .  E xperim en ta l r e s u l t s  o f  Hudson and C a r te r  (R ef. 17) a re  g iv en  
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F ig u re  6 F h o to io n iz a tio n  c ro ss  s e c t io n  o f  p o tass iu m , u s in g  th e  pseudo­
p o te n t i a l  o f  B ard s ley . L and V in d ic a te  th e  le n g th  and v e lo c i ty  forms 
o f  th e  m a trix  e lem en t. The c i r c l e s  in d ic a te  th e  ex p erim en ta l r e s u l t s  o f  
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F ig u re  7 F h o to io n iz a tio n  c ro ss  s e c t io n  o f  po tassium . The s h o r t  dash 
curve in d ic a te s  th e  a d ju s te d  quantum d e fe c t  r e s u l t s  o f  Sheldon (R ef. 2 1 ). 
The dash  curve in d ic a te s  th e  r e s u l t s  o f  McGuire (R ef. 22) f o r  &=6.20.
L ' i s  a  b e s t  f i t  curve  o b ta in e d  in  t h i s  p ap e r by a d ju s t in g  th e  pseudo­
p o te n t i a l  p a ra m e te rs . The ex p erim en ta l r e s u l t s  o f  Hudson and C a r te r  
(R ef. 31) a re  g iv en  b y  th e  c i r c l e s .




The n e g a tiv e  hydrogen io n , H~ i s  th e  p r in c ip le  sou rce  o f
o p a c ity  in  th e  s o la r  atm osphere. T h is  a s tro p h y s ic a l  im portance
32o f  n e g a tiv e  io n s  was f i r s t  no ted  by  W ild t i n  1939* W ild t p o in te d  
o u t t h a t  i n  an atm osphere co n ta in in g  b o th  m etal and hydrogen atoms 
th e  io n iz a t io n  o f  th e  m eta l atoms can supp ly  th e  e le c t ro n s  n e c e ssa ry  
fo r  th e  fo rm a tio n  o f  n eg a tiv e  hydrogen io n s .
The e le c t r o n  a f f i n i t y  o f  hydrogen i s  due to  incom plete  
sc reen in g  o f  th e  n u c leu s  and to  th e  p o la r iz a t io n  o f  th e  hydrogenic  
co re . A lthough a  n e u t r a l  atom e x e r ts  an a t t r a c t i v e  fo rc e  on an 
e le c t r o n ,  th e r e  a re  a  l im i te d  number o f  s ta t io n a r y  s t a t e s  fo r  
a t ta c h e d  e le c t r o n s .  T his i s  due to  th e  s h o r t  range  o f  th e  e f f e c t iv e  
a t t r a c t i v e  f i e l d  i n  which th e  e le c t r o n  moves. A lso th e  P a u li  P r in c i ­
p le  l im i t s  th e  number o f  a v a i la b le  s t a t e s .  For th e  n e g a tiv e  hydrogen 
io n  th e r e  i s  o n ly  th e  one bound s t a t e ;  e x c i te d  bound s t a t e s  do n o t 
e x i s t .  Thus th e  atom ic a b so rp tio n  c o e f f i c i e n t  i s  i d e n t i c a l  to  th e  
c r o s s - s e c t io n  f o r  th e  photodetachm ent o f  an  e le c t r o n .
33I n  19^0, u s in g  th e  photodetachm ent r e s u l t s  o f  Massey and B a te s ,
3I4.
Strom gien was a b le  to  produce a  th e o ry  o f  th e  s o la r  atm osphere w ith
35no p r in c ip a l  d is c re p a n c ie s .  However W ild t*s in v e s t ig a t io n  on th e  
t h e o r e t ic a l  r e l a t i o n  between th e  c o lo r- te m p e ra tu re  and th e  e f f e c t iv e - 
tem p era tu re  o f  s t a r s  d id  have d is c re p a n c ie s .  The maximum o f  th e
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photodetachm ent curve needed t o  "be moved from 4000A tow ard la r g e r  
w aveleng ths.
By 1959 th e  photodetachm ent curve was known p r e c is e  enough
f o r  a s tro n o m ica l p u rp o se s . The maximum o f  th e  photodetachm ent
-17 2curve was a p p ro x im a te ly  4 .5  x 10 cm and lo c a te d  n e a r  8200A.
The improvement i n  th e  photodetachm ent r e s u l t s  was m ain ly  due to  
Chandrasekhar and h i s  co -w orkers. C handrasekhar was th e  f i r s t  
to  p o in t  o u t th e  need f o r  more v a r ia t io n a l  p a ram e te rs  in  th e  
expansion o f  th e  bound s t a t e  wave fu n c tio n  o f  H . He a ls o  n o ted  
t h a t  th e  d ip o le  v e lo c i ty  photodetachm ent r e s u l t s  a r e  more s ta b le  
to  d i f f e r e n t  bound s t a t e s  th a n  th e  le n g th  r e s u l t s  and th u s  a re  
p ro b ab ly  more a c c u ra te .  The main m o tiv a tio n  o f  th e  work a f t e r  
i 960 was n o t n e c e s s a r i ly  to  o b ta in  more a c c u ra te  photodetachm ent 
r e s u l t s ,  b u t  r a th e r  to  show th e  c a p a b i l i t i e s  o f  o th e r  th e o r ie s  in  
p r e d ic t in g  a c c u ra te  photodetachm ent r e s u l t s .  T h is  i s  one reaso n  
t h a t  th e  p r e s e n t  work was u n d ertak en .
N esbet h as  fo rm u la ted  a  p rocedure  t h a t  i s  r e a d i ly  a p p lie d  
to  atom ic s c a t te r in g  p rob lem s. S e i l e r ,  O bero i, and C a lla w a y ^  have 
a p p lie d  t h i s  method to  th e  slow  c o l l i s io n s  o f  e le c t r o n s  and p o s i ­
t ro n s  w ith  atom ic hydrogen . They c a lc u la te d  th e  a p p ro p r ia te  phase 
s h i f t s  and c ro ss  s e c t io n s .  Using th e  N esbet p ro ced u re  o r  a lg e b ra ic  
c lo se  coup ling  method one can a ls o  d e term in e  th e  wave fu n c tio n  o f  
th e  s c a t te r e d  e le c t r o n  i n  an a n a ly t ic  form . I f  an a c c u ra te  wave 
fu n c tio n  i s  known many o th e r  p ro p e r t ie s  o f  th e  s c a t te r e d  e le c tro n  
can be e a s i ly  o b ta in e d . Thus i t  i s  o f  i n t e r e s t  t o  in v e s t ig a te  th e
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a c c u ra c y  o f  a  wave fu n c tio n  g e n e ra te d  by th e  a lg e b ra ic  c lo se  
c o u p lin g  method. U sing th e  knowledge t h a t  th e  photodetachm ent 
r e s u l t s  a re  equal i n  th e  le n g th , v e lo c i ty ,  and a c c e le r a t io n  d ip o le  
ap p ro x im a tio n  f o r  e x a c t wave fu n c tio n s ,  one can u se  photodetachm ent 
c a lc u la t io n s  fo r  H to  de term ine th e  accu racy  o f  th e  wave fu n c tio n s  
g e n e ra te d  by th e  a lg e b ra ic  c lo se  coup ling  method.
Once th e  wave fu n c tio n s  were found to  be a c c u r a te , th e  work 
was ex tended  in to  th e  energy  re g io n  where i n e l a s t i c  p ro ce sse s  a re  
p o s s ib le  and a  m u ltich an n e l form alism  i s  needed. J u s t  above th e  
n=2 l e v e l  th e r e  e x i s t s  a  re so n an ce . I t s  c o n tr ib u t io n  to  th e  
p h o to a b so rp tio n  c ro ss  s e c t io n  i s  in v e s t ig a te d .
The p la n  o f  P a r t  I I  i s  as  fo llo w s: in  S e c tio n  I I -2 th e
a n a ly s is  f o r  d e te rm in in g  th e  wave fu n c tio n s  i s  g iv e n ; i n  S ec tio n  I I -3 
th e  method o f  d e te rm in in g  photodetachm ent c r o s s - s e c t io n s  i s  d iscu ssed ; 
i n  S e c tio n  II-U  th e  photodetachm ent r e s u l t s  in  th e  non-resonance 
re g io n  a re  d is c u s s e d ; in  S e c tio n  I I -5  th e  photodetachm ent r e s u l t s  
f o r  th e  ^P reso n an ce  a re  d isc u sse d  and th e  c o n c lu s io n s  a re  p re se n te d .
SECTION II-2
WAVE FUNCTIONS 
A -  Bound S ta te
I n , t h i s  s e c t io n ,  th e  wave fu n c tio n s  which a r e  needed f o r  c a l ­
c u la t in g  th e  photodetachm ent c ro s s  s e c t io n  o f  H a re  d isc u s se d . The
p ro ced u re  f o r  c a lc u la t in g  th e  bound s t a t e  wave fu n c tio n  o f  H" i s  
d is c u s se d  in  p a r t  A and i n  p a r t  B th e  N esbet method f o r  o b ta in in g  
th e  s c a t te r e d  wave fu n c tio n  i s  d e s c r ib e d .
Three d i f f e r e n t  bound s t a t e s  a re  u sed  i n  t h i s  work. The 
a u th o r  o b ta in e d  two bound s t a t e s ,  one w hich in c lu d e s  th e  th re e  
hydrogen channels I s ,  2s ,  and 2p and one which in c lu d e s  fo u r  
ch an n e ls  I s ,  2 s , 2p, and 2p. The 2p i s  th e  pseudo s t a t e  o f  Burke, 
G a lla h e r ,  and G e ltm an ^  w hich was chosen to  rep roduce  th e  f u l l  
p o l a r i z a b i l i t y  o f  th e  ground s t a t e  o f  H.
R |= = - 0.966  r ( l  + ' | r ) e  r  + .3^0 r e  ^  I I . 1
UoA s ix  channel bound s t a t e  o b ta in e d  by M atese and O beroi which 
c o n s is ts  o f  th r e e  hydrogen s t a t e s  I s ,  2s ,  and 2p and th re e  pseudo 
s t a t e s  3 s , 3P> and 3d was a ls o  u sed . The p s e u d o -s ta te s  were chosen 
to  be o f  th e  form
32
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R3s = Ns ( l+ a sr ) e " V  + ^
-TLr
Rr— = N r ( l + a  r ) e  P + X0 R_ 3P P P 2p 2p
p
®3d '  V  <1+V > e
where th e  and a r e  such t h a t  th e  s ix  b a s is  fu n c tio n s  axe 
m u tu a lly  o rth o n o rm al. The p s e u d o -s ta te  p a ram e te rs  were ob ta in ed ; 
u s in g  co n v en tio n a l v a r i a t io n a l  te c h n iq u e s  to  m inim ize th e  energy  
H“ .
The tw o -e le c tro n  H am ilton ian  i s  g iv e n  by
H ( l ,2 )  = -V22 - 2/ r i  - 2/ r 2 +2/ r 12 .
Atomic u n i t s  a r e  to  be used  c o n s is te n t ly  th ro u g h o u t t h i s  work; 
th e  energy  b e in g  m easured i n  Rydbergs and $  = 1 , m = and e2= t 
The t r i a l  wave fu n c tio n  i s  o f  th e  form
I 1”  (1 ,2 )  = [1+P12]  p r ( l ) F r (2 ) hS ^ O ls, ) .
Here H  and T axe channel in d ic e s  and d e s ig n a te  s e ts  o f  quantum 
numbers
I I . 2
*y
o f
I I . 3
I I .  k
r  — (n p , A p,Spj^jL ,S jtr) I I . 5
3b
where:
1 . rip i s  th e  p r in c ip a l  quantum number o f  th e  atom ic s t a t e ;
2 . j£p>Sp, s p e c ify  th e  o r b i t a l  an g u la r momentum and sp in  o f  
th e  atom ic s t a t e ;
3 . 4 i s  th e  o r b i t a l  a n g u la r  momentum o f  th e  s c a t te r e d  
p a r t i c l e ;
momentum o f  th e  two p a r t i c l e  system , t h e i r  components on th e  a x is  o f  
q u a n t iz a t io n ,  and th e  t o t a l  p a r i t y  r e s p e c t iv e ly .  These q u a n t i t i e s  
a re  conserved  in  th e  c o l l i s i o n .
P12 i s  th e  space exchange o p e ra to r .  The fu n c tio n  Y co u p les  th e  
a n g u la r  momentum o f  th e  e le c t r o n  and th e  atom
The s in g le  p a r t i c l e  wave fu n c tio n  F p (r)  i s  expanded i n  th e
form
The in d ex  n d e s ig n a te s  th e  number o f  b a s is  fu n c tio n  ( S la t e r  o r b i t a l s )  
c o n s id e re d . The c o e f f ic ie n t s  §n a r e  chosen so a s  to  span th e  range 
CKr<100a .
U. L, S , M^, Mg, it s p e c ify  th e  t o t a l  o r b i t a l  and s p in  an g u la r  
I I . 6
Fr(r) = S t>rnf rn(r) 
n
I I . 7
where th e  f r _ a re  n o rm alized  S l a t e r  o r b i t a l s
f I I . 8
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The R itz  v a r i a t io n a l  method i s  u sed  to  so lv ed  the e igenvalue  
problem
HB = ESB. I I . 9
Here H i s  th e  H am ilton ian  m a tr ix  and S i s  th e  o v e r la p  m a trix . B i sr>J
a  v e c to r  o f  th e  elem ents b ^ .  The s m a lle s t  e ig en v a lu e  o f  th e  m a tr ix
e q u a tio n  i s  th e  energy  o f  H~ and th e  co rresp o n d in g  e ig e n v e c to r  i s  th e
bound s t a t e  wave fu n c t io n . A lo c a l  minimum f o r  th e  energy o f  H-  i s
o b ta in e d  b y  t r e a t i n g  th e  sm a lle s t  e ig en v a lu e  a s  a  n o n - lin e a r  fu n c tio n
o f  th e  p s e u d o -s ta te  p a ram e te rs  a ^ , U sing te n  b a s is  fu n c tio n s  f o r
each o f  th e  coup led  ch an n e ls  M atese and O beroi o b ta in e d  -1 .0537 Ryd.
k2fo r  th e  en e rg y  o f  H . The e x a c t v a lu e  i s  -1 .0555  Ryd.
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B -  Continuum S ta te
The v a r i a t io n  method p roposed  by  N esbet i s  used  to  c a lc u la te
s in g le t  continuum  p-wave e le c t r o n  hydrogen wave fu n c tio n s . The
37t r i a l  wave f u n c t io n  i s  tak en  to  be  o f  th e  form
p i N pi
T (1,2) = 2 Yr  (1,2) 11.10
r = i  1
T' b e in g  th e  in c id e n t  ch an n e l, and T a  f i n a l  ch an n e l. i f ' (1 , 2 ) i s
*fcllth e  component o f  th e  t o t a l  wave fu n c tio n  i n  th e  T channel. T h is  
fu n c tio n  may be  e x p re ssed  as
i f ’ (1,2) = x f  (1,2) + ^ ^ ( 1 , 2 )  + qT jA ^ I ^ )  11.11
where Xp i s  a  n o rm a liza b le  fu n c tio n  and AQp and A1p a re  fu n c tio n s
having  a  s p e c i f ie d  asy m p to tic  form .
T1The fu n c tio n  Xp rosy ex p re ssed  as
r ' „  _ \ J 7 /,  j t 1yL (1,2) = r  ef (1,2)0“ 11.12
b = l D
where b i s  th e  b a s is  in d ex  and
r  p p Mp
%  = i f  <2 )  I l a 3
r  fp c  jl o p „
The n o rm a lizab le  b a s is  fu n c tio n s  'IL (r) = [* ] 2r  e ” b .
r(2Je+3)
And above th e  th re s h o ld  f o r  th e  e x c i ta t io n  o f  th e  n=2 s t a t e s ,  two 
a d d i t io n a l  b a s is  fu n c tio n s  a re  in c lu d e d  o f  th e  form
( l - e "^r )^+2 s i n ( k p r ) / r 2 
( l - e "^**)^*2 c o s ( k p r ) / r 2 .
II. i h
The fu n c tio n  Rp i s  th e  hydrogen!c r a d i a l  fu n c tio n . In  t h i s  work 
th re e  s ta t e s  a re  in c lu d e d  th e  I s ,  2s ,  and  2p s t a t e s  o f  hydrogen.
The o p e ra to r  P^2 i s  th e  two p a r t i c l e  exchange o p e ra to r .
The asy m p to tic  fu n c tio n s  may he ex p ressed  a s
1+P1? Mr
Ai r  ~ <-7§  ^ Rr^r l^ Si ^ r , r 2^ YL,J&p,J& * “  0 ,1  *
The fu n c tio n s  SQ and  a re  p ro p o r t io n a l  to  r~"Ls in (k p r  -  -Gtt/ 2 ) ,  
r e s p e c t iv e ly ,  a t  l a r g e  d is ta n c e .  The s p e c i f ic  forms used  were
SQ(r,r) = kp(L- e~ ^ (k p r ) I I .1 6
and
S1 ( r , r )  = k r ( l - e “ P r)2‘e+1Nje(k p r)  11 .17
i n  which and N^ a r e  s p h e r ic a l  B esse l and Neumann fu n c t io n s .  The
••Si* 2^*1q u a n ti ty  3 i s  an  a r b i t r a r y  p a ra m e te r. The f a c to r  ( l - e  ) i s  
in tro d u c e d  so t h a t  th e  fu n c tio n  w i l l  behave a s  r  c lo se  to  th e  
o r ig in .  For SQ th e  f a c to r  ( l - e ” ^r )2'^ +'1' i s  in c lu d e d  s o le ly  f o r  
convenience i n  c a lc u la t in g  th e  n e c e s sa ry  i n t e g r a l s .
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SHORT RANGE COEFFICIENTS -  C ^ '
P  PThe wave fu n c tio n  as  i t  s ta n d s  has th r e e  unknowns, a^p . ,
F P  T P  Pand C^ . However th e  C^ can he  ex p ressed  i n  term s o f  c^p and
r* P  P
q^P . And e i t h e r  QfQp o r c^p can h e  d e f in e d  to  he a  d e l t a  fu n c tio n
6pp, le a v in g  o n ly  one unknown. I n  th e  Kohn V a r ia t io n a l  Method
P  PorQp = 6^ , ,  and  i n  th e  In v e rse  Kohn V a r ia t io n a l  Method a£p = 6p p , .
The t r i a l  wave fu n c tio n  vF m ust s a t i s f y  th e  S c h ro d in g e r
e q u a tio n  i n  th e  suhspace o f  H i lh e r t  space spanned hy th e  h a s is
r
fu n c tio n s  T] .^ This co n d itio n  i s  u sed  to  de term ine th e  s h o r t  range
T P  p
c o e f f ic ie n ts  C^ in  term s o f  th e  a sy m p to tic  c o e f f ic ie n t s  Q^p . The
i n i t i a l  channel index  P  w i l l  he su p p ressed  i n  th e  rem ainder o f
t h i s  d is c u s s io n .
The demand th a t  th e  t r i a l  wave fu n c tio n  Y s a t i s f y  th e
S ch ro d in g e r eq u a tio n  i n  th e  suhspace spanned hy  th e  sh o r t  range 
r
fu n c tio n s  7]^  le a d s  to  th e  system  o f  l i n e a r  e q u a tio n s .
E < © ^(l,2)|H -E |xp(l,2)+Q ropAo p ( l ,2 ) + a Lp A1p ( l ,2 ) >  = 0 , I I . 1 8
f o r  a  channel in d ex  v = 1 , . . . ,  N and h a s is  in d ex  a  = l , . . . . , n v .
An e q u iv a le n t e x p ress io n  f o r  Eq. I I . 1 8  i s
£ E MP® cf = -E ( a  MPJ  + a. MP^ ) ,  I I . 19. ah v oq aS jLq aC ’s h  q
3l)
where
Mg =  (« P |H -s |e g ), n . a o
MS  = ( ^ l H-E|Aoq) ,
I n  th e  rem ain ing  d is c u s s io n  p , q , and s a re  channel in d ic e s .  And 
a  and b a r e  b a s is  in d ic e s .  The problem  can be s im p lif ie d  by n o tin g  
th a t  th e  c o e f f ic ie n t s  can be  ex p re ssed  a s  l i n e a r  com bination o f  
a ' s ,
c f  = E (cv c f 1 + a. a ?? ) 11 .21Hd q v oq bo l q  b l
where f o r  p  = 1 , . . . , N  and a  = l , . . . n
Jfcr
S £ = -< ^ |H -E |A o q >  I I . 22
E E  < # |H -E |S g > C ^ =  -< # |H -E |A 1(1>.
These 2N inhomogeneous l i n e a r  e q u a tio n s  o f  Eq. (1 1 .2 2 ) may be  so lv e d  
by two m ethods. One method i s  an e ig en v a lu e  problem  and th e  o th e r  
method c o n s is ts  o f  m a trix  in v e r s io n .
k o
I n  th e  e ig en v a lu e  method one f i r s t  o b ta in s  th e  homogeneous 
s o lu t io n .  The homogeneous e q u a tio n  may be ex p ressed  a s
f  jjj (“ S  -  V X X *  "  ° -  1 1 -2 3
Eq. (1 1 .2 3 ) i s  an  e ig e n v a lu e  problem  o f  d im ension En_ .
P =
The e ig e n fu n c tio n s ,
y i . 2 )  -  2  £ ( 1 , 2 )  = E !  £ ( 1 , 2 )  1 1 . Zk
r
span th e  same subspace o f  H i lb e r t  space a s  th e  b a s is  fu n c tio n s  T)^  
Thus-Eq. 11 .22  may a ls o  be ex p re sse d  a s ,
E E < £ |H - e | £ > £ |  -  - < ^ M | A o q > 11 .25
E E  < £ | h -e | £ > £ J  = -< ’^ |H -E |A l q >.
g
I t  i s  conven ien t to  in tro d u c e  th e  fu n c tio n s  ,
4i q  = £  ° b i  11-26
and to  ex p ress  them i n  te rm s o f  th e  e ig e n fu n c tio n s  T his le a d s  
to  th e  e x p ress io n
|  E < £ Ik-E | £ ,  >Kjt i  .  - < £ |h - E  |Al q > X I .27
k l
f o r  i  = 0 ,1  where
n -28
S in ce  th e  e ig e n fu n c tio n s  ¥a  a r e  ta k e n  to  he o rthonorm al
Kck  “  ( E - E ^ E ^ I h - E ^  > I I > 2 9i q
and
‘i q  = §  Mcd 1 = °>1 ' H -3 0
V
The fu n c tio n  Xg may "be e x p re sse d  a s
XV(1 ,2 )  = 2[cvV $s (1 ,2 )+  ol Sf ( 1 ,2 ) ] .  11 .31s '  ’ q oq o q ' l q  l q '  J
a vThus th e  s h o r t  range c o e f f i c i e n t s  a r e  ex p ressed  in  term s o f  th e
\)
asy m p to tic  c o e f f ic ie n ts  and  th e  e ig e n fu n c tio n s  and e ig e n -  
e n e rg ie s  Ea  hy Eq. I I . 30 and Eq. 11.31*
Eq. 11 .21  can a ls o  e a s i l y  be so lv ed  by u s in g  m a tr ix  in v e r s io n  
i n  Eq. 1 1 .2 2 . Here
I Z -3S
<£? = -  S Mr «n i l  r a '  'b a  aC
1+2
ASYMPTOTIC COEFFICIENTS -  or?
iq
The asym pto tic  c o e f f i c i e n t s  a r e  de term ined  v a r i a t io n a l ly .  
v a r i a t io n a l  fu n c tio n a l i s  ta k e n  t o  he
i CTV -  <V'|h -e | tv>
= 1 1  < ^ ( i , 2 ) | h - e |  »q( i , a ) > .
The t r i a l  fu n c tio n  was ex p re sse d  a s
f v( i , a )  = s  ^ ( i , a )
* > , 2 )  = X > , 2 )  + % SA0S(1»2) + “ L V 1 ’ 25-
F or th e  v a r ia t io n a l  c a lc u la t io n  i t  i s  co nven ien t to  exp ress  th e  
t r i a l  fu n c tio n  Y w ith  component i n  channel s as
* > , 2 ) = f  E
where th e  fu n c tio n s  Y? a r e  d e f in e d  hyi q
l j q ( l , 2 ) = *Jq ( l , 2 ) + V i q (1 ’ 2 ) -
The
11.33





Then th e  v a r i a t io n a l  fu n c t io n a l  can be ex p ressed  as
1 = 2  2 cF *MP? o£  11 .3 7
i j  pq iP  id  dq
I  = 2 2  o? * IP , 11 .38
crv i  p iP  i v
where
Xi v  Mi j  “iq»  1 ,d  = 0,15  P,<1 = 11 ,39
The m a tr ix  elem ents MPjjj- a r e  d e f in e d  by
MPq = 2 2 |H -  E 6 )00 r  s v o p 1 r s  r s 1 oq7
= 2 (S |H -  E 6 1 ^  ) ,  s '  p  1 p s  ps  1 o q 77
MPq- = 2 2 { ' f  jH -  E 6 1 ^  ) o l  r  s '  o p ' r s  r s 1 l q 7
= 2 (S |H -  E 6 \ t  ) ,  II.U Os v p '  p s  p s '  l q 7’
MPq = 2 2 |h -  E 6 ) lo  r  s '  l p 1 r s  r s 1 oq7
= 2 (C |H -  E 6 ) ,s P p s p s 1 oq ’
MPq = 2 2 |H -  E 6 l^ 5 ) 11 r  s '  l p 1 r s  r s 1 xq7
= 2 (C |H -  E 6 K  ) .  s '  p 1 p s  p s 1 l q 7
The m a tr ix  elem ents MPq can be d e te rm in ed  by e i th e r  o f  two m ethods. 
I f  th e  e ig en v a lu e  problem  h as  been  so lv ed  th e n
And i f  th e  e igenvalue problem  has n o t been  so lv ed , th e  Mfr a re
e a s i ly  determ ined  u s in g  th e  fo llo w in g  e q u a tio n s ,
MPq = 00 m*§ -  2 s.bb r s  ab < " 2 -
II
4 f t  -  2  \bb r s  ab • e  *
• s - MPq -  2 2 CS r s  ab M1"Ca " S -
II
V
Mpq -  2  2  
CC r s  ab Ca * 2
U sing th e  i d e n t i t y
where
k2 = E-E I IP P
th e  v a r i a t io n a l  fu n c tio n a l may be ex p ressed  a l t e r n a t iv e ly  as
I  = E ( i j  V + k  ( 6,-Of0  *  -  6,  o? *)o% ) I I
aV dq dq S d l  oq. do l q  jq
(J y
I f  th e  c o e f f ic ie n t s  a  and or a r e  in d ep en d en t, from  Eq. 11 .3 8  
Si
Sa ip
and from E q. I I . ^5
Si
~  I Ia* xi v
(TV _ 0  *  O *  <• C T * \r r - = I j  + k  (6  a  -  6 ar ), V dCT q d l  oq do l qda
dq
Thus th e  f i r s t  o rd e r  v a r i a t io n  o f  I  i s  g iv en  i n  g e n e ra l  by
61 = S Z  6a°* i f  + E E i j *  6c^ av i p  i p  i v  i  q d^ dq
_  , / 0 * c V  O' * «. V N+ E k  (or 6a . -  a  6a  ) .q q ' oq i q  l q  oq
I I
I I
U sing th e  Kohn V a r ia t io n a l  Method th e  R m a tr ix  i s  d e f in e d  as 




c? = 6 q = 1 , . . . ,N 1 1 .5 1oq qp
where p  i s  th e  i n i t i a l  channel in d e x .
F or th e  above d e f in i t i o n  o f  th e  R m a tr ix , th e  f i r s t  v a r ia t io n  
o f  th e  v a r i a t io n a l  f u n c t io n a l  s im p l i f ie s  c o n s id e ra b ly . A l l  c o e f f i ­
c ie n ts  o! a re  r e a l  and th e  v a r ia t io n s  o f  0P v a n ish . Eq. I I .U 8oq
red u ces  to
61 k = E l j %, 6y  + S I ?  6y%i + k  6yvw I I . 52ov p I V  'op  q  l o  Vq  o vo
The i n t e g r a l s  I ^ v t h a t  o ccu r i n  Eq. 11 .5 2  can a l l  s im u ltan eo u s ly  
be reduced  to  zero  by  an  a p p ro p r ia te  cho ice  o f  c o e f f ic ie n t s  .
U sing E qs. I I . 1+3, I I . 50 , 11 .51
■ <  + S ' ®  Yvq H - 53
Thus th e  c o e f f ic ie n ts  Y^° s a t i s f y  th e  s e t  o f  l i n e a r  eq u a tio n s
2  M?? v lo ) = -  M?V . 1 1 .5 5
q  11 Vq  lo
I f  1^ = 0 fo r  a l l  p ,q  th e n  Eq. 11 .52  becomes
• t to v  -  V w P  ■ ° -  I T -56
T his  g iv e s  app ro x im ate ly  s ta t io n a r y  v a lu e s  o f  th e  c o e f f ic ie n ts
I I - 57
YVq -  ^  - f 1 A q )  K o  + ?  M®  Y^ 5 > • 11  • 58
vT h is  com pletes th e  c a lc u la t io n  o f  = y . However th e re  a re  
d i f f i c u l t i e s  w ith  sp u rio u s  s i n g u l a r i t i e s  f o r  th e  Kohn method i f  
|m®J(e ) | shou ld  have i s o l a t e d  z e ro e s . These can "be av o id ed  by 
computing e lem ents o f  th e  r ”'L m a tr ix  fo r  th e s e  i s o l a t e d  energy  
r e g io n s .
A method, sim ilar* to  t h a t  u sed  f o r  th e  R m a tr ix ,  can be u sed  
f o r  computing e lem ents o f  R~^ m a tr ix . T h is  method i s  c a l le d  th e  
In v e rs e  Kohn by N esb e t. I n  th e  s in g le -c h a n n e l problem  i t  red u ces  
to  second H u lthen  method. A b r i e f  ’ e q u a tio n  o u t l in e  o f  th e  method 
fo llo w s .
1(8
‘ ^ o v  + 1 V v o )  * 0 
\  ^
PVq “  ^  + + |  » S
S p u rio u s  s in g u l a r i t i e s  a ls o  o ccu r i n  th e  In v e rs e  Kohn Method, 
i f  |M ^(E ) | h a s  i s o l a t e d  z e ro e s . However a  p o in t  o f  s in g u la r i ty  in  
th e  Kohn method i s  a lm ost n ev er a  s in g u la r i t y  i n  th e  In v e rs e  Kohn 
method and  v ic e  v e r s a .  Thus th e  sp u rio u s  s in g u l a r i t i e s  can he 
av o id ed . N esbet su g g ests  u s in g  th e  Kohn form ula when th e  r a t i o  
o f  d e te rm in a n ts
i s  l e s s  th a n  u n i ty ,  and u s in g  th e  In v e rs e  Kohn form ula  when t h i s  
r a t i o  i s  g r e a te r  th a n  u n i ty .  T h is  ty p e  o f  sp u rio u s  s in g u la r i ty  d id  
n o t c r e a te  any d i f f i c u l t i e s  i n  th e  p r e s e n t  work.
SECTION II-3 
MULTICHANNEL JHOTOBETA.CHMENT
Having de term ined  th e  needed wave fu n c tio n s  i n  th e  p rev io u s  
s e c t io n ,  i n  t h i s  s e c t io n  we w i l l  d e s c r ib e  how th e s e  wave fu n c tio n s  
can be u sed  to  de term ine th e  photodetachm ent c ro ss  s e c t io n .  Because 
i n e l a s t i c  p ro c e sse s  a re  to  be  a llo w ed , a  m u ltich an n e l form alism  i s  
needed.
I4.Q
H enry and L ipsky  J  have d e s c r ib e d  a  th e o ry  f o r  m u ltich an n e l
p h o to io n iz a t io n  which in c lu d e s  coup ling  betw een f i n a l - s t a t e  ch an n e ls .
They a p p lie d  th e  form alism  to  th e  p h o to io n iz a t io n  o f  neon. M atese
and O beroi a ls o  used  t h i s  form alism  in  computing th e  photodetachm ent
o f  H~ below  th e  n=2 th re s h o ld .  The d e s c r ip t io n  which fo llo w s i s
1+0t h a t  found i n  th e  p ap er by M atese and O bero i.
The t o t a l  c ro ss  s e c t io n ,  w ith  c o n tr ib u tio n s  from a l l  open 
channels  i s  g iv e n  by
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Here j  = 1 ,2 ,3  in d ic a te s  th e  le n g th , v e lo c i ty  o r  a c c e le r a t io n  d ip o le  
ap p ro x im a tio n . 1% P  and P  in d ic a te  open f i n a l  s t a t e  ch an n e ls .
R i s  th e  re a c ta n c e  m a tr ix  and i s  d e te rm in ed  by  Eq. ( I I . ^9) •
= N 2  2 ( 11 .62
f  i  Yf Yi  or=+l
+ h  h  C<FYf l ° ( j ) lF Yi > < u Y K  >l f , £  2f,je+CT Yf  jla  Yi  Yf  Yi
r  i s  a  channel in d e x , u i s  e i th e r  a  I s ,  2s ,  2p reduced  hydrogenic
s t a t e  o r  a  reduced  pseudo s t a t e  wave fu n c t io n . U sing th e  n o ta tio n
o f  S e c tio n  I I -2 , th e  reduced f i n a l  s t a t e  s in g le  p a r t i c l e  wave 
Pfu n c tio n  Fp i s
Fr'“ + “or ( i-e 'Pr)2*+1J.e(V >
11.63
+ o[p  ( l - e ' ^ J ^ N ^ C k p r ) ] .
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N i s  th e  bound s t a t e  n o rm a liz a tio n , ^=\ ;f=^ 2 i ,  an^ ^-P0-1-0 
o p e ra to r  o j ^  i s  g iv e n  by
0=1
^  -  <t[ 4 + £ (l+ ff)]/r  j=2
3=3
F or e n e rg ie s  below  th e  n=2 th re s h o ld ,  on ly  th e  I s  channel 
i s  open. In  t h i s  case  Eq. ( I I . 6 l )  becomes
^ ) = | 2 f f ao2 ( ^ ) 3 - 2 J  „(J_) Cos2 6
f  i
where 6 i s  th e  P phase s h i f t  and i s  th e  I s  channel.
I I .  6k
11.65
SECTION n-k
PHOTODETACHMENT RESULTS AND CONCLUSIONS BELOW THE INELASTIC THRESHOLD
I n  t h i s  s e c t io n  th e  photodetachm ent c ro ss  s e c t io n  i s  c a lc u la te d  
u s in g  Eq. ( I I . 65 ) and th e  wave fu n c tio n s  d e s c r ib e d  in  S e c tio n  I I - 2 .  
The pho ton  e n e rg ie s  c o n s id e re d  i n  t h i s  s e c t io n  (A>113l) a re  n o t la r g e  
enough to  produce an  i n e l a s t i c  c o l l i s i o n ,  th u s  o n ly  a  s in g le  channel 
fo rm alism  i s  needed. The purpose o f  t h i s  s e c t io n  i s  to  dem onstra te  
t h a t  th e  wave fu n c tio n s  o b ta in e d  u s in g  th e  a lg e b ra ic  c lo se  coup ling  
method a r e  s u f f i c i e n t l y  a c c u ra te  to  compute th e  photodetachm ent c ro ss  
s e c t io n  o f  H .
F i r s t  th e  photodetachm ent c ro ss  s e c t io n  i s  computed fo r  th e
same continuum  wave fu n c tio n  and th r e e  d i f f e r e n t  bound s t a t e s .  The
continuum  s t a t e  i s  a  th r e e  s t a t e  expansion  composed o f  th e  I s ,  2 s ,
2p hydrogen s t a t e s .  The th r e e  bound s t a t e s  a r e  th o se  d e sc rib e d
e a r l i e r .  I n  H g u re  8 th e  d ip o le  v e lo c i ty  photodetachm ent r e s u l t s
a re  shown. Curve 1 i n  F ig u re  8 r e p re s e n ts  th e  r e s u l t s  u s in g  th e
s ix  channel bound s t a t e  o f  M atese and O bero i. In  F ig u re  9 t h i s  same
curve i s  shown to  be i n  good agreem ent to  a  s im i la r  c a lc u la t io n  by
I4L.
Doughty and F ra s e r .  Doughty and F ra s e r  computed th e  p h o to d e tach ­
ment c ro s s  s e c t io n  o f  H" u s in g  th e  sev en ty  p aram eter Schw artz bound 
s t a t e .  They u sed  a  th r e e  s t a t e  c lo se  co u p lin g  c a lc u la t io n  fo r  th e  
continuum s t a t e .  Note i n  F ig u re  8 t h a t  th e  fo u r  s t a t e  expansion  
which in c lu d e s  th e  2p pseudo s t a t e  y ie ld s  r e s u l t s  which a re
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s ig n i f i c a n t ly  b e t t e r  th a n  th e  r e s u l t s  o b ta in e d  u s in g  th e  th re e  s t a t e  
expansion . The photodetachm ent r e s u l t s  i n  th e  d ip o le  le n g th  ap p ro x i-i
m ation a r e  shown i n  F ig u re  10.
I n  F ig u re  11 th e  s ix  s t a t e  expansion  o f  M atese and Oberoi i s  
u sed  to  compute b o th  th e  bound and th e  continuum  s t a t e .  A lso shown 
in  F ig u re  11 a r e  th e  r e s u l t s  o f  Doughty, F r a s ie r ,  and McEachran.
They used  th e  Schw artz bound s t a t e  o f  H". They c a lc u la te d  th e  
continuum s t a t e  u s in g  th e  c lo se  coup ling  method w ith  th e  f i r s t  s ix  
hydrogen ic  s t a t e s  in c lu d e d  i n  th e  expansion  o f  th e  wave fu n c tio n .
F ig u re s  8-11 i l l u s t r a t e  th e  a lr e a d y  known f a c t s  t h a t  th e  d ip o le  
v e lo c i ty  app rox im ation  y ie ld s  th e  b e s t  photodetachm ent c ro ss  s e c t io n s ,  
and t h a t  th e  photodetachm ent r e s u l t s  a r e  n o t as  s e n s i t iv e  to  th e  con­
tinuum  s t a t e  a s  th e y  a re  th e  bound s t a t e .  F ig u re s  8-11 should  a ls o  
e s ta b l i s h  t h a t  a c c u ra te  wave fu n c tio n s  can be o b ta in e d  by using  th e . 
a lg e b ra ic  c lo s e  coup ling  method. However th e re  i s  one d i f f i c u l t y  
t h a t  a r i s e s  i n  u s in g  th e  a lg e b ra ic  c lo se  coup ling  method. If . th e  
t o t a l  energy  o f  th e  system  i s  v e ry  c lo se  to  one o f  th e  e igenvalues 
o f  Eq. (1 1 .2 3 ) th e n  th e  wave fu n c tio n s  e x h ib i t  sp u rio u s  resonance 
s t r u c tu r e ,  sp u rio u s  i n  th e  sense  t h a t  t h i s  e ig e n s ta te  d o e s n 't  e x i s t  
i n  th e  r e a l  o r  a c tu a l  p h y s ic a l  problem  and th u s  th e  resonance s t r u c tu r e  
a ls o  d o e s n 't  e x i s t  i n  th e  r e a l  problem . T h e re fo re  th e  energy  re g io n  
o f  th e  n o n -p h y s ic a l e ig en v a lu es  shou ld  be av o id ed . I f  an energy 
re g io n  c o n ta in in g  a  n o n -p h y s ica l e ig en v a lu e  needs to  be in v e s t ig a te d ,  
th e  e ig en v a lu e  spectrum  i s  e a s i ly  s h i f t e d  by changing th e  ex p o n en tia l 
c o e f f ic ie n t s  o f  th e  b a s is  s e t .  A d e s c r ip t io n  o f  t h i s  d i f f i c u l t y  in
re g a rd  to  th e  photodetachm ent o f  H i s  g iv en  i n  th e  p ap er by Mate 
1*0and O bero i.
SECTION I I -5 
1P RESONANCE
In  th e  e le c t r o n  hydrogen problem  th e re  e x i s t s  a  resonance 
j u s t  above th e  n=2 th re s h o ld .  Because th e  n=2 channels  a re  open, th e  
problem  o f  d e te rm in in g  th e  s in g l e t  p-wave fu n c tio n  i s  more d i f f i c u l t  
i n  t h i s  energy  re g io n . The so u rce  o f  th e  d i f f i c u l t y  i s  th e  co u p lin g  
o f  th e  d eg en era te  2s and 2p s t a t e s  o f  atom ic hydrogen, which g iv es
b6r i s e  to  a  lo n g -ran g e  o f f -d ia g o n a l  d ip o le  p o t e n t i a l .
E. R. Sm ith , R. S . O b ero i, and R.J.W . H enry have in v e s t ig a te d  
t h i s  problem  by c o n s id e rin g  a  two channel model problem  which con­
ta in e d  an o f f  d iag o n a l d ip o le  p o t e n t i a l .  They found t h a t  i n  th e  
model problem , f o r  d e g e n e ra te  e n e rg ie s ,  th e  a sy m p to tic  s o lu t io n  o f  
th e  wave fu n c tio n  cou ld  n o t be  a c c u ra te ly  approxim ated u s in g  s p h e r ic a l  
B e sse l and Neumann fu n c t io n s .  They su g g ested  two means o f  c o r re c t in g  
fo r  t h i s .  One method was to  in c lu d e  energy-dependen t s in u s o id a l  term s 
i n  th e  b a s is  s e t .  Two such a d d i t io n a l  term s were added in  th e  p re s e n t  
work (Eq. I I . 1 4 ) . The a d d i t io n  o f  th e  energy-dependen t s in u s o id a l  
term s means t h a t  th e  e ig en v a lu e  eq u a tio n  (Eq. 1 1 .2 3 ) must be so lv ed  
fo r  ev e ry  en erg y , w hereas b e fo re  i t  needed to  be so lv ed  o n ly  once. 
S in ce  th e  a l t e r n a t e  method o f  m a trix  in v e rs io n  i s  much q u ic k e r , one 
would n a tu r a l ly  want to  so lv e  th e  problem  u s in g  t h a t  p ro ced u re . 
However, one would l i k e  to  know th e  e ig en v a lu e  spectrum , as  m entioned 
i n  th e  l a s t  s e c t io n .  Knowing th e  e ig en v a lu e  spectrum  i s  even more
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im p o rtan t i n  th e  i n e l a s t i c  work, because  th e  energy-dependent 
s in u s o id a l  term s seem to  cause a  c lu s te r in g  o f  e ig en v a lu es  abou t 
th e  energy be in g  c o n s id e re d .
The problem  o f  n o n -p h y sic a l e ig e n e n e rg ie s  does n o t seem to
a r i s e  in  c a lc u la t in g  th e  A=1 c ro ss  s e c t io n s  o f  th e  l s - 2 s  and l s - 2 p
t r a n s i t i o n s .  These c ro ss  s e c t io n s  a r e  g iv en  i n  F ig u re  12 a long  w ith
lj.7
th e  r e s u l t s  o f  T a y lo r and Burke. T ay lo r and Burke used  th e  c lo s e -  
coup ling  method fo r  two ex p an sio n s, one in c lu d in g  th re e  s t a t e s  and 
th e  o th e r  th r e e  s t a t e s  p lu s  tw en ty  c o r r e la t io n  te rm s. A lthough th e  
maximums i n  th e  c ro s s  s e c t io n  o ccu rred  a t  th e  same e n e rg ie s , th e  
v a lu e s  o f  th e  maximums a re  s l i g h t l y  l e s s  i n  th e  p re se n t work. T h is  
m ight be caused  by n o t in c lu d in g  enough s in u s o id a l  term s in  th e
U8b a s is  expansion . The agreem ent betw een th e  p re s e n t  work and t h a t  
o f  T ay lo r and Burke seems to  in d ic a te  t h a t  th e  p re se n t work has been  
extended above n=2 th re s h o ld  c o r r e c t ly .  Thus th e  wave fu n c tio n s  a r e  
used  to  compute th e  c o n tr ib u tio n  o f  th e  "4? resonance to  th e  p h o to -  
detachm ent c ro ss  s e c t io n .
The photodetachm ent c ro ss  s e c t io n  f o r  th e  resonance was 
determ ined  u s in g  th e  bound s t a t e  o f  M atese and  O beroi. The f i n a l  
s t a t e  was o b ta in e d  u s in g  th e  a lg e b ra ic  c lo se  coup ling  method w ith  
th re e  s ta t e s  ( ls - 2 s - 2 p )  in c lu d e d  i n  th e  expansion . S ix te e n  b a s is  
fu n c tio n s  were u sed  in  th e  expansion  o f  th e  s in g le  p a r t i c l e  fu n c tio n  
F ^ , fo u r te e n  S l a t e r  ty p e  and two harm onic. The photodetachm ent c ro ss  
s e c t io n  was computed u s in g  th re e  d i f f e r e n t  s e t s  o f  s ix te e n  b a s is  
fu n c tio n s . F ig u re  13 r e p re s e n ts  a  b e s t  f i t  curve  f o r  th e  th r e e  s e t s  
o f  photodetachm ent d a ta .  The d a ta  p o in ts  i n  th e  energy reg io n
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( .7 5 - •  76 R yd.) do n o t f i t  a  smooth cu rv e . However th e  same smooth
curve g iv es  a  good b e s t  f i t  curve t o  a l l  th re e  s e ts  o f  d a ta .  The
a u th o r f e e l s  t h a t  th e  g iv en  curve i s  a c c u ra te  to  w ith in  10$. A lso
hg
in c lu d ed  in  F ig u re  13 a r e  th e  v e lo c i ty  r e s u l t s  o b ta in e d  by  Macek 
u s in g  th e  bound s t a t e  2 0 -p aram eter H y lle ra a s - ty p e  wave fu n c tio n  f o r  
H o f  H art and  H erzberg  and a  l s - 2 s - 2 p  c lo se  co u p lin g  f in a l  s t a t e .
The d i f f i c u l t y  i n  o b ta in in g  a  smooth curve i s  a t t r i b u t e d  to  two 
reaso n s . One i s  th e  d i f f i c u l t y  w ith  an  e ig en v alu e  b e in g  to o  c lo se  
to  th e  t o t a l  en erg y  E . The o th e r  so u rce  o f  d i f f i c u l t y  i s  th e  c u t 
o f f  p aram eter P. A good c u t o f f  p aram eter f o r  channel one i s  P = k^ 
o r ap p ro x im a te ly  = 0 .8  a~^. W hereas a  good c u t o f f  p aram eter f o r  
channel fo u r  i s  P = kg o r  .05 a Q^ * The same c u t o f f  p aram eter was 
used  fo r  a l l  c h a n n e ls . B eta  was chosen  to  be th e  av erag e  o f  k^ and 
kg o r  P eq u a l ap p ro x im a te ly  .^ 5 - .5 0  a ”1 . T h is  P i s  as sm all as  
p o s s ib le  i f  one i s  to  o b ta in  re a so n a b le  r e s u l t s  f o r  th e  I s  ch an n e l. 
However i t  i s  much to o  la r g e ,  t o  a c c u ra te ly  cu t o f f  th e  s p h e r ic a l  
Neumann fu n c tio n  7]g i n  channel f o u r .  T his i s  i l l u s t r a t e d  i n  T ab le  I I ,  
which shows th e  c o n tr ib u t io n  to  th e  photodetachm ent c ro ss  s e c t io n  o f  
a  c o l l i s io n  w here th e  h y d ro g en ic  e le c t r o n  i s  l e f t  i n  th e  e x c i te d  2p 
s ta t e  o f  hydrogen and th e  o th e r  e le c t r o n  i s  s c a t te r e d  w ith  a n g u la r  
momentum j6=2 .
I n  summary, a c c u ra te  wave fu n c tio n s  can be o b ta in e d  u s in g  th e  
A lg eb ra ic  C lose C oupling  M ethod. However th e  appearance o f  sp u rio u s
OQ
s in g u la r i t i e s  a s  n o te d  by M atese and O beroi in  t h e i r  p ap er seems to  
be even a  l a r g e r  so u rce  o f  d i f f i c u l t y  fo r  e n e rg ie s  above th e  n=2
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th re s h o ld . A lso a  s in g le  c u t - o f f  p a ram e te r fo r  a l l  open channels 
should  n o t be  used fo r  e n e rg ie s  v e ry  n ea r  th e  th re s h o ld .
Work i s  p r e s e n t ly  underway to  make th e se  two changes in  th e  
program: to  make th e  c u t o f f  p aram eter eq u a l to  th e  wave v e c to r  o f
th e  channel and to  in c lu d e  two a d d i t io n a l  harmonic t e r n s  in  th e  b a s is  
s e t .  When t h i s  i s  com pleted th e  work w i l l  be ex tended  to  s ix  
chan n e ls .
TABLE II
PHOTODETACHMENT CROSS SECTIONS: FINAL STATE CHANNEL FOUR




a  x  10~^cm ^ 
B c
0.751 0 .0 5 0 .09
0.752 0 .7 9 0 .2 9 5.55
0.753 0 .3 ^ 0 .32 0 .3 8
0 .7 5 ^ 0 .6 5 0 .11 0 .5 2
0.755 0 .60 0 .9 0 0 .66
0.756 0 .7 7 0.7^- 1 .2 2
0 .757 0 .3 9 0.1*7 0 .3 7
0.758 0 .3 7 o.M* 0 .36
.0 .759 0 .33 0 .3 7 3 .2 0
B asis  A: §. = [ .0 0 5 , .015 , .0 3 , .0 7 5> «1> *3* »6 , 
. 8 , 1 .1 , 1 . 3 , 1 . 6 , 2 . ,  3 . ,  5 . ]
B asis  B: §. = [ .0 0 5 , .0 1 , .OU, .0 7 , .2 ,  .4 ,  . 6 ,
.8, 1 .2, l.k, 1 .8, 2 .5, 3 .5, ^.5]
B as is  C: §. = [ .0 0 5 , .015 , «03> »075> *1> *3> »^5> 
. 6 , . 8 , 1 . 3 , 1 . 6 , 2 . ,  3 . ,  5 . ]
DIPOLE VELOCITY
6 BOUND STATE 
l s - 2 s - 2 p  _  
ls -2 s -2 p -2 p  
ls -2 s -  2p-s-p-3 "
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F ig u re  8 Fhotodetachm ent .cross s e c tio n s  i n  th e  d ip o le  v e lo c i ty  
approxim ation  f o r  H u s in g  an a lg e b ra ic  c lo se  coupling  th re e  s t a t e  
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F ig u re  9 Fhotodetachm ent c ro ss  s e c tio n s  o f  H i n  th e  d ip o le  v e lo c i ty  
approx im ation . The dashed curve i s  th e  r e s u l t  u s in g  a  fo u r  channel 
"bound s t a t e .  The s o l id  curve i s  th e  r e s u l t  u s in g  th e  s ix  channel 
"bound s t a t e .  The c i r c l e s  a re  th e  r e s u l t  o f  Doughty and F ra se r  u s in g  
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F ig u re  10 Photodetachm ent c ro ss  s e c tio n s  o f  H in  th e  d ip o le  le n g th  
approxim ation . The dashed curve i s  th e  r e s u l t  u s in g  a  fo u r  channel 
hound s t a t e .  The s o l id  curve i s  th e  r e s u l t  u s in g  th e  s ix  channel 
hound s t a t e .  The c i r c l e s  a re  th e  r e s u l t s  o f  Doughty and F ra se r  u s in g  
th e  Schwartz hound s t a t e .
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F ig u re  11 S ix  channel photodetachm ent c ro ss  s e c tio n s  o f  H~ i n  th e  d ip o le  
le n g th  and v e lo c i ty  approx im ation . The s o l id  curves la b e le d  L and V a re  
th e  le n g th  and v e lo c i ty  r e s u l t s  u s in g  a  s ix  channel hound s t a t e  and a  s ix  
channel continuum s t a t e .  The dashed curves la b e le d  L and V a re  th e  le n g th  
and v e lo c i ty  r e s u l t s  o f  Doughty, F ra s e r ,  and McEachran. They used  a  d o s e  
coup ling  continuum wave fu n c tio n  w ith  s ix  hydrogen s t a t e s  in c lu d e d , and 
th e y  used  th e  Schw artz bound s t a t e .
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Figure 12 Partial P Cross Sections of the ls-2s and ls-2p Transition 
above the n=2 Threshold: the dots are this work and the dashed and
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F ig u re  13 The photodetachm ent c ro ss  s e c tio n  o f  H i n  th e  energy reg io n  
o f  th e  l p  reso n an ce . The s o l id  curve i s  th e  b e s t  f i t  curve o f  t h i s  
work. The dashed curve i s  th e  r e s u l t  o f  Macek. Macek used  a  th re e  
s t a t e  c lo se  coupling  continuum s ta t e  and th e  tw enty  param eter hound 
s ta t e  wave fu n c tio n  o f  H a rt and H erzberg .
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